F. Verstraete, M. Popp and J.I. Cirac introduced a concept of localizable entanglement [3] . That is how much entanglement can be localized on two spins on average by performing local measurements on the other individual spins in a system of many interacting spins. We consider the ground state in antiferromagnetic spin chains and study localizable entanglement between two spins as a function of the distance. We start with XXX spin chain. Then we study effect of anisotropy and magnetic field. We conclude that anisotropy increases localizable entanglement.
statistical mechanics] and entanglement was discovered in [3] . F. Verstraete, M. Popp and J.I. Cirac [VPC] found that the correlation function provide a bound for localizable entanglement (LE).
The LE of two spins is defined as the maximal amount of entanglement that can be localized in these two marked spins on average by doing local measurements on the rest of the spins [assisting spins]. Here we assume that we considering a pure state |φ of all these spins.
The LE has an operational meaning applicable to situations in which one would like to concentrate as much entanglement as possible in two particular particles out of multiparticle entangled state. Good examples are quantum repeater [8] and spinotronics [9] .
Let us consider an example of N qubits in GHZ state:
We can measure assisting qubits in |± basis, this will force two marked spins into a Bell state [maximally entangled state of two qubits].
Let us proceed to the formal definition for localizable entanglement E ij between two spins marked by i and j. Consider a pure state of N spins |φ , such that φ|φ = 1.
Every measurement basis specifies ensemble of pure states E = {p s , |ψ s }. The index s enumerating different measurement outcomes, it runs through 2 (N −2) values at least.
Here |ψ s are two spin state after the measurement and p s is its probability. The LE is defined as
Here E(|ψ s ) is the entanglement of |ψ s . W.K. Wooters [12] suggested concurrence C as a measure of entanglement 1 , 0 ≤ C ≤ 1 . VPC noticed that it is in particular convenient measure of LE. For example for two qubits state |φ = a|00 +b|01 +c|10 + d|11 concurrence coincide with maximum correlation C(|φ ) = 2|ad − bc|. and A.Uhlmann in 1998, see [10] . The entanglement of assistance is the maximum of the average entanglement over all possible states of N spins consistent with the density matrix of two marked spins. A simple formula for entanglement of assistance was found in [11] . In order to describe this formula let us introduce the density matrix ρ ij of two marked spins. Let X be a square root of the density matrix:
Then the entanglement of assistance as measured by concurrence is given by the trace
The upper bound of LE, which comes out is:
The lower bound on LE is expressed in terms of correlation functions:
The lower bound on LE is based on the following observation [3] : Given a state of N spins with fixed correlation functions Q ij αβ between two spines marked by i and j and directions α and β, there exist directions in which one can measure other spins [assisting spins], such that this correlation does not decrease on average.
Using this observation VPC found a lower bound for LE:
VPC explicitly evaluated boundaries for the ground state of the Ising model and showed that actual value of LE is close to the lower bound.
In this paper we are considering LE in infinite systems of spins. We shall consider the ground state of antiferromagnetic spin chains at zero temperature. XXX is our main example, we also consider anisotropic version of XXZ chain.
XXX Antiferromagnetic Spin Chain
The Hamiltonian for antiferromagnetic XXX spin chain can be written as
Here σ
are Pauli matrix, which describe spin operators on m-th lattice site. Summation in the Hamiltonian goes through the whole infinite lattice. The density of the Hamiltonian can be reduced to the swap gate
Here I is an identical operator and Π is permutation. Π can be interpreted as a swap gate. It swaps the spin states |v and |u between the lattice sites m and m + 1.
Hans Bethe found eigenfunctions of the Hamiltonian of the model in 1931, see [13] .
The ground state |φ was found in [14] . We shall normalize it to 1. Correlations are defined as averages with respect to the ground state. They are isotropic
There is no magnetization σ α (α = x, y or z)
This simplifies the lower bound (5) of LE 2 :
Let us now use the explicit expression for correlations φ|σ
z |φ to calculate the lower bound:
It took a long time to evaluate correlations functions. Nearest neighbor correlation can be extracted from the ground state energy, found in [14] . Next to nearest neighbor correlation was calculated in 1977, see [15] . Recently it was established that all correlations can be expressed as polynomials of log 2 and the values of Riemann zeta function at odd arguments, see [16, 17, 18, 19, 20, 21] . These polynomials have only rational coefficients. Third neighbor correlation was obtained in [22] .
These results give us the following bounds for localizable entanglement of two spins in the ground state of the model:
At large distances correlation functions exhibits critical behavior. Asymptotic was obtained in [23, 24] 
This helps us to estimate localizable entanglement asymptotically for two spins, which are far away |i − j| → ∞:
Even better expression for asymptotical lower bound of LE [localizable entanglement] (5) can be extracted from the paper [25] :
.(20)
Here g depend on the distance |i − j|. It is a solution of the equation
Here γ E = 0.5772 is the Euler's constant and c is a parameter [normalization point].
For example, good choice for c is c = −1.
Critical XXZ antiferromegnet
Let us consider effects of anisotropy of interaction of spins: The new Hamiltonian is called XXZ:
We shall consider disordered regime (−1 ≤ ∆ < 1) and we use parametrization:
There is still no magnetization:
LE is bounded by correlation function:
Correlation functions decays as power laws at large distances log |i − j| ≫ 1/(2 − 2η).
Leading terms are:
Many people worked on the subject, good collection of references can be found in the book [5] , see pages 512, 549-553. Since 0 < η < 1 it becomes clear that σ x correlations dominate the lower bound:
Finally we got the following bounds for LE:
This shows that anisotropy raises the lower bound for LE.
The coefficient F was calculated in [23, 24] :
Let us come back to XXX model
But now let us add magnetic field
This introduce anisotropy in a different way. In small magnetic field h → 0 small magnetization develops: σ z = h/π 2 . For stronger magnetic field magnetization increases.
As magnetic field approaches its critical value h c = 4 magnetization approaches 1:
The ground state approaches ferromagnetic one [with all spins up]. Exact expression for magnetization σ z at any value of magnetic field is given on the pages 70-71 of the book [5] . Ground state averages of other components are identically equal to zero:
In this section we are considering moderate magnetic field 0 ≤ h ≤ h c .
Asymptotic of correlation functions at large distances can be described as follows:
Here double bracket in the left hand side means that we subtracted σ ).
And for the values of magnetic field close to critical θ is close to 2:
Asymptotic of other correlation functions are:
x |φ = φ|σ 
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